A multidimensional filter algorithm for nonlinear equations and nonlinear least-squares by Gould, Nick et al.
RESEARCH OUTPUTS / RÉSULTATS DE RECHERCHE
Author(s) - Auteur(s) :
Publication date - Date de publication :
Permanent link - Permalien :
Rights / License - Licence de droit d’auteur :
Bibliothèque Universitaire Moretus Plantin
Institutional Repository - Research Portal
Dépôt Institutionnel - Portail de la Recherche
researchportal.unamur.be
A multidimensional filter algorithm for nonlinear equations and nonlinear least-squares
Gould, Nick; Leyffer, Sven; Toint, Philippe
Published in:








Citation for pulished version (HARVARD):
Gould, N, Leyffer, S & Toint, P 2005, 'A multidimensional filter algorithm for nonlinear equations and nonlinear
least-squares', SIAM Journal on Optimization, vol. 15, no. 1, pp. 17-38.
https://doi.org/10.1137/S1052623403422637
General rights
Copyright and moral rights for the publications made accessible in the public portal are retained by the authors and/or other copyright owners
and it is a condition of accessing publications that users recognise and abide by the legal requirements associated with these rights.
            • Users may download and print one copy of any publication from the public portal for the purpose of private study or research.
            • You may not further distribute the material or use it for any profit-making activity or commercial gain
            • You may freely distribute the URL identifying the publication in the public portal ?
Take down policy
If you believe that this document breaches copyright please contact us providing details, and we will remove access to the work immediately
and investigate your claim.









































































































































































































































































jE$QD~P~BTx]aNPCﬃ~]aNPLﬀv*[tB*S k)L]PWB/F~nQTS4FVQDE\~aB0]PB ]aWﬃQT]BDxﬁﬀﬂﬃ2[\S"]aNPB/F/CﬃjLhF 687>ê#E\L]PjrWﬃLﬀN





]aWﬃBDCv*W B*Na[\vD[\SﬃQTE\E\7[tS"]aLSﬃF/LhF xB*NR]aWL ~aBDE\C/]P[tB*S BDxjB*Sﬃ~w]aNrQT[\SLF BD`/]P[tk)[¾QT]a[\BDS `NaB*6E\Lﬀk~ﬀH
Á
L
jE$QT[\k WLﬀNPL ]PWﬃQs]l]aWLVk)QD[tS[\F/LhQBDx]aWLQT``NPB*Q*jrW&H#SﬃQTk)LﬀE\7 ]aWﬃQT]lBDxcQ*¿ﬃEt]aLﬀNl]aB F/Ljﬀ[\FL BDS






















































F/[tMALNaLS"]xNPBDk ]PWLlB*SL `NaB*`4B"~wLhFWLNaL*:q< ].NPLﬀE\[tLh~cB*S QÀ"CﬃQDF/NrQs]P[\j0`NPBDvDNrQTk)k)[\Sv ~aBDE\DLﬀNc]aB
`ﬃQDNw]P[{]P[tB*S;]aWﬃLnjBDS4~]PNPQD[tS"]P~[\S*]PBqQ.~aL]BDx48[tB*E\QT]aLhFljﬀBDSﬃ~w]aNrQT[\S"]P~#QTSﬃF QR~wLﬀ]BDxA~PQs]P[\~«¿ﬃLF0BDNYQ*j=]a[\DL








































































































































































































































[$~ *    * &2 2ﬀ   + 2LJ [{xQTSﬃFB*SEt7 [{x
 Ü M





































































































]aWﬃL~aL jB*SﬃF/[t]a[\BDSﬃ~0LﬀDLS,xCNa]aWLN0687 B*SE\7 jB*Sﬃ~a[\F/LNa[\Svz]PWLV~akQTE\EtLh~]0BDx]aWL ]
Á
B8[\BDE$Qs]a[\BDS4~ﬀ:
ZWLVC``ALﬀN 64B*CSﬃF?BDx;f  ÊB*S	

































































































































































































0;G%) 8 -/ %'10






ä !  ä xBDNR~wB*k)Ll~w]aLﬀ`





































]aBsQDNa7xNPBDk [{]PLﬀNrQs]P[tB*S ]PB[{]PLﬀNrQs]a[\BDS `NPBs8[\F/LhF]PWLﬀ7 NaLkQT[\S CﬃS[{xB*Nak)E\7 LuÀ*Cﬃ[tsQTE\LﬀS"]q]PBz]aWL
uYC4jE\[\F/LhQTS SB*Nakz: ZWL jﬀBDS8DLNav*LﬀSﬃjﬀLQTSﬃQDEt7/~a[\~ ]aWﬃQT]VxB*EtE\B
Á
~ NPLÀ"C[\NPL~HnQD~V[\~jB*k k)B*S [tS















































































































































































































































!#8( / ;G%04 ﬀ ﬁ ﬃ %80*,; ;1	0
#*?( % / ' ! 8 ( / ;G%:04








































bHﬁF/L¿ﬃSL0Q $AQTvﬁﬀﬃﬂ !ﬀ)]aB 6AL0CS4~wLﬀ]QTSﬃFz[\S[t]a[$QTE\[­¾L;]PWL¿ﬃEt]aLNn]aB ]aWL
Lﬀk)`/]7~wLﬀ]:












0*,- ﬀ& ' *,0*,;, %'&*7)D0;G%) 8(0*,- ﬁ















!  ä :


































































































05*-:9& <; - "$)05* 04&* 0;1	0













































































































































































































































































































































 Ü Ýå ä

































































































































































































[\S ]PWL jB*CNr~wL BTx2]aWL QDEtv*BDNP[{]PWkzHQTSﬃF L}QDk [\SL©¿ﬃNr~w].]PWL jﬀQ*~wL
Á
WLNaL ]PWLS8Ck06ALﬀNqBDxX]aNP[$QTE
































*   ) )Jﬁ ﬀ







































QDFﬃF/LF,]PB ]PWL¿ﬃE{]PLﬀNhH6C/])[tS¿ﬃS[t]aLﬀE\7kQTS87 ]aNP[$QTE`4B*[tS"]P~ QTNPLVQ*jﬀjﬀLﬀ`/]rQT6E\L xB*N0]PWL>¿4E{]PLﬀNh: <S
]aWﬃ[\~~a[{]PCﬃQs]P[tB*S&H
Á






























































LhFVQ*~2NPL~aCEt]a[\Sv xNaB*k Q)~]rQTSﬃFQDNPF ]aNPCﬃ~w]w
NPLﬀvD[\BDS QTE\vDBDNP[t]aWkzHXQDSﬃF8SB
Á
S jB*S"*LﬀNPvDLSﬃjL NPL~aCEt]P~)QTNPLzQTv*QD[tS QT``ﬃEt[$jﬀQD6EtL*: y~Q jﬀBDSﬃ~aL
À"CLﬀS4jLDH8]PWL;jB*SﬃjE\Cﬃ~a[tB*Sﬃ~BTxK&Lk kQ*~d: olQDSﬃFzd: dlQDNaLqQDE\~aBlsQDEt[$F[tS]aWﬃ[\~njﬀBDS"]aLﬀ}8]:
½
L;~aCk)kQTNP[­¾LRBDCNNPL~aCEt]P~[\SV]PWLqSLﬀ}"]]PWLﬀB*NaLkz:










































































































































âº /·¼»I  0/·¼ aµ*»I

*-, .G1?@ 7





















































































   GyNZz4V1\ 




   GyNZz4VNQ 




   GyNZz4V 
   
zy
	GVy1Y	     X@Y	GXG[Gzﬀ ﬁﬁ ﬁﬁ ﬁﬁ 
zy4V@Y7K ﬂﬃ ﬂﬃ ﬂﬃ  X@Y	GXG[G{ ﬁﬁ ﬁ ﬁ 
zyGR4[GX ﬁ ﬁ   X@Y	GXG[4Z ﬁ ﬁ ﬁ 
{4zGLﬀ4X4O ﬂﬃ ﬂﬃ ﬂﬃ  Y3[GVGX	y4X ﬂﬃ ﬂﬃ ﬂﬃ 













ﬁ  PNM^y9M"ﬀNO?\ ﬁﬂﬃ 
 
 




! ﬂﬃ ﬂﬃ ﬂﬃ  OXU1Y;Z[4Q!ﬀ ﬁ ﬁ ﬁ 







  9MGM"NO[GX   ﬂ 
Z{y4zGVﬀ! ﬂﬃ ﬂﬂﬃ ﬂﬂﬃ  4zGVGP@\;O
 ﬂﬃ ﬂﬃ ﬂﬃ 
ZSR4zG[GR4Xﬀ ﬁ ﬁ ﬁ  4zGVGP4QGO
 ﬂﬃ ﬂﬃ ﬂﬃ 










































































ZWLS&H/]aWﬃLEﬁ:2ﬀ   *ﬁﬂ1  














































































































BDCE$F ]7"`ﬃ[\jQTE\Et7V64LqNPLÀ"C[\NaLhF ]PB ~wB*Et*LRk B*NaLqF/[ 1 jCEt]




















    
ZW[$~ sQTNP[\QDS"] [\~ ycEtv*BDNP[{]PWk o:tf
Á























































































































B*N)[{x]aWLzS8Ck06ALﬀN)BDxc[{]PLﬀNrQs]P[tB*Sﬃ~ L}jLLF~fb*bDbﬃHBDN [{x]aWLjB*k)`C/]a[\Sv ]a[\k)LzL}jLLF~












































































































: y E$QD~w]`4B"~a~a[t6ﬃEtLzL}/`E$QTS4Qs]a[\BDS BTxq@R9ci.i  ~
NPLﬀkQTNPsQT6E\LNaLEt[$QT6[\E\[{]7 [\~]aWﬃQT]@R9ci.i F/B8L~Y[\S)x QDj]2jB*S8DLﬀNPvDLB*S QRE\QDNav*LnjE$QD~P~BDSSB*SE\[tSLhQTN
~a78~w]aLk~ﬀH*6C/]]aWﬃQT]XBDCN2CSﬃF/LNP~w]PQDSﬃF/[\Sv;[$~2jﬀCNPNaLS*]PEt70]aB8B;E\[tk)[t]aLhF]aB0L}/`E$QT[\S)]aW[$~X6ALﬀW4QI"[\BDCﬃN:
ZWLRNaLE\QT]a[\DL.L21 j[\LﬀS4j7BTx]aWLh~wLRk)L]PWB/F~[$~[tE\EtC4~]PNPQT]aLF 687]aWLR`ALﬀNaxBDNPkQTSﬃjﬀL`NPB¿4EtL.[tS


































: ZWLL1jﬀ[tLSﬃj7 v*QD[tSﬃ~RB*6/]PQD[tSﬃLF 6"7 QTCv*k)LﬀS"]a[\Sv]aWL ]aNPCﬃ~]aNPLﬀv*[tB*S
QTE\vDB*Na[t]aWﬃk
Á
[t]aWQ*¿ﬃEt]aLNw 6ﬃQ*~wLhF Q*jﬀjL`/]PQDSﬃjL NaCE\L)xBDN0]aNP[\QDEY`ABD[\S*]r~q]PW"C4~0QT`ﬃ`4LhQTNq]PB64L DLﬀNP7
~a[tv*S[z¿AjﬀQTS"]h:#< ][$~nQTE$~aBl[\S"]aLﬀNPL~w]a[\Svl]aB)SBD]aLR]aW4Qs]c@R9aêZ
_
[\~*LﬀNP7 jB*k `ﬃNPQD6EtL.]PB@R9ii xBDN
%7(ﬁﬀﬃﬂﬁﬂ




<?A to,0CE,0: to0;l9I5B@:=,;0I),;>AED_=W?8;:=<?>@,mﬃ<?C)A).@,3C/B?CEDGF@:=,3HJIoAE.@0SA0C),F@CEDG<?hG.NA/AEDfDG<@C0SA~A),;W4A)_=DGW 




WLNaL)]PWL E$Qs]w]PLﬀN0FB"Lh~qSBD]qx QT[\EH#[tS4F/[\jQs]P[tSvz]PWﬃQs]0]aWL ¿4E{]PLﬀNq]PLjrWS[ À"CL kQI7
WﬃQI*L 64BD]aW ]aWLL21 jﬀ[tLSﬃj7?BDxcQ ,a6Et[\SﬃFﬁ- 9nL
Á





[\S ]aWL~aLﬀS4~wLzBTxqZWLBDNPLﬀk dﬃ: 3
Å
:ê#[tS4QTE\Et7*H2]PWLF/B*k [\SﬃQDSﬃjLBDxR@R9ci.i BsDLﬀN




















































































































































































]aB,jB*k)`C/]aL]PWLjBDS4~]PNPQD[tS"]P~lsQTE\CL~)QT]l]PWL]aNP[\QDE`ABD[\S"]: ZW[\~jQTS 64LF/B*SLQT]k [\S[\kQTE
jB"~]687 Cﬃ~a[tSﬃvl]PWLRNaLﬀLS"]aNP7)x QDj[\E\[{]7[\S]aWL;@RK/Z _ `ﬃQDjrsQTv*LDH"]aW4Qs]L}/`E\BD[t]P~`NPLﬀ8[\BDCﬃ~aE\7 jBDk 
`C/]PLF /RNa78E\Bs)~a`ﬃQ*jL~
Ã



















   # $8 8  











































































































?  ﬂ" 

ﬁﬀ
sﬃmﬃ<@:=: ?  ﬂ" 

ﬀ
? ﬂ  ﬂﬂ
ﬀ






































































C 7:98A > 2 F:AB4$	 9<>-2
½









































































[\~)]PWLE$QD~w]LﬀS"]aNP7 Q*FF/LF]aB,]PWLE¿ﬃEt]aLN 6ALxBDNPLzBDN QT] [{]PLﬀNrQs]a[\BDS ﬁ: < ]xBDE\EtB
Á
~












BDCﬃE\F,WﬃQI*L64LLﬀSQ*FF/LF ]PB]aWﬃL¿ﬃEt]aLN0[\SJ"]aL` 3ﬃ:ZW[$~;k)L]PWB/F?kQI7]PW"C4~06AL ~aLﬀLﬀS





























Q*~Y]PLﬀNPk)[tSﬃQT]aLhF Qsx]PLﬀNBDSLWBDCN2BTx#pU2Ł]a[\k L.BDS !7ﬀ	.xB*NY]PWL.jQD~aL~
BTxfDH&fhblQDSﬃFÕ$8fhb0v*NaB*C`ﬃ~:
fm










































~aLﬀLk~0]PB NPL~aCEt][tS 64Lﬀ]w]aLN`4LNwxB*NakQDSﬃjL*:ZW[$~lLﬀMALhj=][$~lk)B"~]PEt7FCL ]PB ]aWL


























































































































ynEt]aWﬃBDCv*W `NP[tS4j[\`ﬃQTE\Et7[\S"]aLSﬃF/LFxBDN.]aWﬃL)~aBDE\C/]P[tB*S BTx2SBDSE\[\SLQDNB*`/]a[\k)[­¾hQs]a[\BDS `NPBD6E\Lﬀk~HA[t]
jﬀQDSzSLﬀ*LﬀNa]aWLEtLh~a~6ALqCﬃ~aLF]aB ~aBDE\DLRSB*SE\[tSLhQTNn~a7/~]PLﬀk~BTxLÀ"CﬃQT]a[\BDSﬃ~:Y<S]aW4Qs]jQD~aLDH[t]nCﬃ~aL~
















QI7/~0F/[ 1 jCEt]:,<SB*NPF/LN;]PB kQT*L ]aWﬃL
L}/LNPjﬀ[\~aLlQ*~.x QT[\NRQ*~R`4B"~a~a[\6EtL*H
Á











QDSﬃF QDE\~aBl~aL]]aWL.kQs}/[\k0Ck S8Ck 




























!ﬁH  AH	 
ﬁ!ﬀ QTSﬃF





































ê#[tv*CNPL 3ﬃ:"8 < ]aLﬀNrQs]P[tB*Sﬃ~`ALﬀNaxBDNPkQTSﬃjﬀL`NaB'¿ﬃE\LzxBDN@R96êZ
_
























 QTS4F ﬀ	ﬃ:dﬂ1!$#`qﬂ  NaL`4B*Nw]PLF ]aWL ~aQDk)LF/[$QTvDSﬃB*~w]a[$j xBDN
	ﬁ








ﬀ"ﬂ ﬁH 7ﬀ"AH$7!ﬀ"ﬀcxB*NX9n<ZnJﬃ|.KXHTQTSﬃF B*Sl`NPBD6ﬃEtLk)~ !ﬀﬃﬂ ﬁH  4H 7ﬀ *H
7ﬀ	ﬃHﬀ QDSﬃF ﬀ	!;xBDNdﬂ1!$#`qﬂ :
ê#[tv*CNaLh~3ﬃ:  QTS4F 3ﬃ:\fb)vD[\DLR]PWL pU2Ł]a[\k LlQTSﬃFz[t]aLNPQT]a[\BDSz`4LNwxB*NakQDSﬃjLq`NPB¿4EtLh~xBDNc]aWL
jB*k)`ﬃQTNP[\~aBDS:@R96êZ
_
jE\LQTNPE\7 F/BDk)[\SﬃQs]PL~aﬂ1!$#`qﬂ  QDSﬃF,9n<ZnJﬃ|.K B*S B*CNq]PL~w]0~wLﬀ]H























QTS4F [\S ]PWLqS8Ck06ALﬀNBTx#[{]PLﬀNrQs]P[tB*Sﬃ~QTSﬃF xCSﬃj=]P[tB*SjﬀQTE\E$~ﬀ:< ]P~NPLﬀE\[\QD6[\Et[t]7[\~v*EtB*6ﬃQTE\E\7 ~aQT]a[$~x78[\SvﬃH
o/f



















ê#[tv*CNPL 3ﬃ: mn> Qs}/[tkQDE¿ﬃEt]aLN.~a[¾ﬀL0`ALﬀNaxBDNPkQTSﬃjﬀL0`NPB¿4EtL)@R9aêZ
_
Q*jﬀjB*NPF[tSv ]aB ]PWL S"Cﬃk06ALﬀN
BTx#vDNPBDC`4~






























































































[\S"*L~w]a[\v*QT]a[\BDS&: ycSBT]PWLﬀN `AB*~P~a[t6[\E\[{]7xBDN QDEtE\B
Á
[tSﬃv LDLS k)B*NaL[t]aLNPQT]aL~ ]PB?64L `4BD]aLﬀS"]P[\QDEtE\7











[t]aLﬀNrQs]PL)[{x[{];`ﬃNaB/F/CﬃjﬀL~qQzF/LhjNPLQD~aL [tS ]aWﬃLk LNa[t]RxCSﬃj]a[\BDS
Á









































































~w[\k)`E\7k LhQD~aCNPL~]PWL)8[tB*E\QT]a[\BDSBDxY]aWL "]aW jBDS4~]PNPQD[tS"].QT]
Ä
:


















WﬃLﬀNPLR]aWLlk Lk)BDNP7 NPLÀ"C[\NaLk LS"]P~xB*N]aWLl~]PBDNrQTvDLRBDxﬁ¿4E{]PLﬀNcLS"]aNP[tLh~[\~cL}jLh~a~a[\DLD:ZWL
¿ﬃNr~][\~cBD688[tB*Cﬃ~wE\7 ]PB Cﬃ~aL;B*C/]w BTxjB*NaL;~w]aB*NPQDvDLD:ZWL ~wLhjBDS4Fz[\~n]aB [\k)`4B"~wL QTSC``ALﬀN.6ABDCSﬃF
BDS]aWLzS8Ckl64LN BDxa¿ﬃEt]aLN)LﬀS"]aNP[tLh~ﬀH2QTSﬃF]aB x QTE\E6ﬃQDjr?B*S]aWﬃL`ﬃCNaLV]aNPCﬃ~w]w NaLvD[\BDSQDEtv*BDNP[{]PWk


















































HxB*N [\Sﬃ~w]PQTS4jLDHc6ﬃQD~aL]aWﬃ[\~F/L¿4S[{]P[tB*S BDS ~wB*k L F/BDkQT[\S F/LhjBDk)`AB*~a[{]P[tB*S [{x0]aWL
`NPBD6E\Lﬀk QT]WﬃQTSﬃF QDNa[$~wLh~;xNPBDk F/[\~PjNPL]P[­¾hQs]P[tB*S&HXB*N B*SLjB*CE\F QD~P~a[tv*S F/[tMALNaLS"]~aC6ﬃ~aL]r~ ]aB
NPL~a[\F/C4QTE$~YBTxjﬀBDC`ﬃEtLhFLÀ"CﬃQT]a[\BDSﬃ~H*[tx
]aWﬃL`NPBD6ﬃEtLk WﬃQ*~Y]PW[$~YxB*Nakz:>QTS87)BT]PWLﬀN~]PNPQT]aLvD[\L~XQDNaL
`AB*~P~w[\6E\LRQDSﬃF xCNw]PWLﬀNcNaLh~wLhQTNrjrW [\~nSLjﬀL~P~aQDNa7)]PB [$F/LS*]P[{x7 ]aWLq6AL]a]aLNnBDSLh~ﬀ:
½
LljBDS4jE\CﬃF/LR687 SBD]a[\Sv)]aWﬃQT]]aWLq[$F/LhQD~`NPL~aLﬀS"]PLFV[tS]aWﬃ[\~`4QT`ALﬀNn[\k)k LhF/[$Qs]aLEt7~wCﬃvDvDLh~]
BT]PWLﬀNVCﬃ~aL~ BDxR]aWL ~aQDk Lz]PLjrWSﬃ[À"CLh~ﬀHnE\[\DL]PWL[\S*]PNaB/F/C4j=]a[\BDS BTxqk0CEt]a[$F/[\k)LﬀSﬃ~a[tB*SﬃQTEa¿ﬃEt]aLﬀNr~
[\S SBDSﬃEt[\SLQDN `NPBDv*NPQDk)k [\Sv
Ã
Á















»>µ*¸  /¹L 6µ¡¶
ZWL QDC/]aWﬃBDNr~0QTNPLL}8]PNaLk LEt7 vDNrQs]PLxCEX]aB >[\jrWﬃQDLﬀEŁnE\6Na[$jrW&HK&Cﬃ[\~l9;: $c[$jLﬀS"]PLDHYiBDk)[tSﬃ[À"CL










ŁnS4jBDS4~]PNPQD[tSLhFVZLh~]P[tSﬃv uYS88[tNPBDSk)LS*]h:	  *ﬁﬂﬁﬃ* 2  ﬀﬁﬂ+ﬃ4ﬀ  ﬁ
	 ﬀﬁﬂ%*  +2 *    * 








p:s>?:*p2W[\S QDSﬃF _ :êE\L]rjrWLﬀNh:4p2BDS8*LﬀNPvDLﬀS4jLY`NPBD`ALﬀNa]a[\L~#BDxAJ/KUYJ¿4E{]PLﬀNQTE\vDB*Na[t]aWk~]aWﬃQT]]PQT*L~




HQTSﬃF?UXW&:KX:#ZBD[\S"]: ﬂ1!$#qﬂ   * ﬀ    *ﬁﬂﬁ*  *># 2ﬀ 
 *  > ﬁﬀﬃ  *  ﬂﬀ ﬂ+ ﬃﬂ * %ﬀ   Gﬃﬂ*   ﬀﬁﬂ "! 2  * ﬃ2








HﬁQTSﬃFUXW&:ﬃKY:AZB*[tS"]h:(ﬁ ﬃ ﬀ)!  >  ﬀ ﬂ%2ﬁﬀﬂﬃ=:n9cCk06ALﬀNRbf ﬃﬂ







NP[{]PWkz:	  * ﬂﬁﬃ*   ﬀﬁﬂﬁﬃ ﬀ   +*
	 ﬀﬁﬂ+ *  +2 *    * 

































































Hﬁ3!3  /g  ﬃH8oDbDb"o+&ﬀ:





¿ﬃEt]aLNQDEtv*BDNP[{]PWk xBDNSBDSﬃEt[\SLQDN2`ﬃNaB*vDNrQTk)k)[tSv4:ZLjrWS[$jﬀQDE _ Lﬀ`ABDNa]b"o*e8fIg/H"icL`ﬃQTNa]ak)LﬀS"]
BTx>QT]aWLk)QT]a[$jﬀ~HŁnS[\DLNP~a[t]7 BTx9cQTklCNhH9cQTklCNhH2LEtv*[tCﬃkHAoTbDb"o/:
9;:4<=:A>:A@.BDCﬃE\FQDSﬃFUYW&:AKY:AZB*[tS"]:u ﬀkﬂ "!$#ﬁH4Q ê#BDNa]aNrQTS  "g°¿ﬃE{]PLﬀNa]PNaC4~]aNPLﬀv*[tB*SV`ﬃQ*jrsQTvDL
xBDN~aBDE\8[tSv ~w7/~w]aLk)~lBTx.SBDSﬃEt[\SLQDNlLuÀ"CﬃQTE\[{]P[tLh~ﬀHXSBDSE\[\SLQDNl[\SLÀ"CﬃQDEt[t]a[\L~)QDSﬃFSB*SE\[tSLhQTN
E\LQD~w]w~À*C4QTNPL~
`NPBD6ﬃEtLk)~:*ZLjrWﬃS[\jQTE _ Lﬀ`ABDNa]#b*d"e8fIg/H _ C/]PWLﬀNaxBDNrF;yn`ﬃ`EtLﬀ]aB*S0KQD64B*NPQT]aBDNP7DH
p2W[\E{]PBDS&Hﬁ|c}"xB*NPFﬃ~wW[\NPLDH/uYSv*E\QDSﬃF
HﬃoDbDbDdﬃ:
9;:<=:n>?:n@.B*CE\F&HRJﬁ:KCﬃj[$F/[H.>?: _ B*kQHQDSﬃF UXW&:KY:nZBD[\S"]: J8B*Et8[\Sv]PWL ]aNPCﬃ~]aNPLﬀv*[tB*S
~aC6`NPBD6E\Lﬀk Cﬃ~a[\Sv]aWﬃLKQTSﬃj¾ﬀB*~k)L]aWﬃB8F&: :6 









: ﬁ * ﬂﬁﬃ*   ﬀ ﬂﬁﬃ ﬀ  ﬁ	












9;:X<=:X>?:2@.B*CE\F&Hil:|NP6ﬃQTS&HQTSﬃF UXW&:YKY:XZBD[\S"]: ﬂ !Jﬂ1!ﬃ! 

Q,Et[\6NrQTNP7BTx]aWNPLQ*F8 ~PQsxL
ê#BDNa]aNrQTS  Dbz`4QDjrsQTv*L~RxB*N0E$QTNPvDL~PjﬀQTE\L SBDSE\[\SLQDN0BD`]a[\k [¾QT]a[\BDS&: ﬁ *ﬁﬂ+ﬃ*   ﬀ ﬂﬁﬃ ﬀ  ﬁ

	 ﬀﬁﬂ%*  +2 *    * 












0: /RL QDSﬃF $4:ﬃQTS&: y jE$QD~P~;BDxnSBDSk)B*SBT]PBDSL]PNaC4~] NaLvD[\BDS?QTE\vDB*Na[t]aWk~;xBDNljﬀBDSﬃ~w]aNrQT[\SLhF
BD`]a[\k [¾QT]a[\BDSﬃ~: ﬀﬃﬂ2ﬃ







HAfhd*of Afhd*o 3ﬃHﬃf ! "g/:
KY:AK&C	~PQTS: ﬃn786NP[$Fzk Lﬀ]aWB/F~nxBDNnE$QTNPvDL;~a`ﬃQDNP~aLRSBDSE\[\SLQDNnEtLhQD~w]w~À"CﬃQDNaLh~ﬀ:
7
ﬀ) ﬂ*  ﬀ  8  "ﬀ
Gﬃﬂ.*   ﬀ ﬂ%+ ﬀ K@ *ﬁﬂﬂ	












ﬀ, ﬂ*  ﬀﬁﬂ

    ﬂ+     *ﬁﬂﬂ

 *   ﬃ    *  ﬀ 















ﬀ, ﬂ*  ﬀﬁﬂ

    ﬂ'    ( ﬀ 












ﬀ) ﬂ*  ﬀﬁﬂ

    ﬂ+     *ﬁﬂﬂ

 *   ﬃ    *  ﬀ 







UYW:ﬀKY:hZB*[tS"]:TySBDS/ k)BDSBD]aB*SL]aNPCﬃ~w]w NaLvD[\BDSRQTE\vDBDNP[t]aWk xB*NSB*SE\[tSLhQTN
B*`/]a[\k)[­¾hQs]a[\BDS;~aC6fËLhj=]






    !3ﬃHAf.  #"8:
>?:AŁnE\6Na[$jrW&HﬁJﬁ:4ŁcEt6NP[$jrW&H4QDSﬃFKY:A9;:+$[\jﬀLﬀS"]aL*:y vDE\BD6ﬃQDEtE\7VjﬀBDS8DLNav*LﬀS"]`Na[\kQTEt FCﬃQTE&[\S"]aLNa[\BDN
`ABD[\S*]>¿ﬃE{]PLﬀN k)Lﬀ]aWB/F xBDN SBDSﬃjﬀBDS8DLﬀ}SB*SEt[\SLhQTN `NPBDv*NPQDk)k [\Sv4:  *  +2 *    * 0  ﬀ ﬀ










xBDNVSBDSﬃEt[\SLQDN `NPBDv*NPQDk)k [\Sv4: ZLhjrWS[$jﬀQTE
_
Lﬀ`ABDNa]pyUXi 2 bﬃfb! ﬃHiLﬀ`ﬃQDNw]Pk)LﬀS"]VBDx
p2WLk [$jﬀQDE&uYSv*[tSﬃLﬀLﬀNP[\SvﬃHﬃpQTNPSLvD[\LR>LﬀE\EtB*SŁcS[t*LﬀNr~w[t]7DHUX[{]a]P~a6CNPvDW&HŁ.J/y;HAoTbDbﬃfD:
&





 *g"e8f "8H8>BDSﬃQ*~wWzŁnSﬃ[t*LﬀNr~w[t]7DH4p2E$QI7"]aBDSHynCﬃ~w]aNrQTE\[\QﬃHﬁf. ! "g/:
